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We derive a fine-grained uncertainty relation for the measurement of two incompatible observables 
on a single quantum system of continuous variables, and show that continuous variable systems are 
more uncertain than discrete variable systems. Using the derived fine-grained uncertainty relation, 
we formulate stronger steering criterion that is able to reveal the steerability of NOON states that 
has hitherto not been possible using other criteria. We further obtain a monogamy relation for our 
steering inequality which leads to an, in principle, improved lower bound on the secret key rate of 
a one-sided device independent quantum key distribution protocol for continuous variables. 
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I. INTRODUCTION 

First, Heisenberg in his seminal paper [T] noted that 
two non-commuting observables in quantum mechanics 
could not be measured with arbitrary precision. The un¬ 
certainty principle introduces a sharp distinction between 
quantum and classical physics. Subsequently, a number 
of improved uncertainty relations have been provided II- 
[6]. The presence of uncertainty relations endows quan¬ 
tum mechanics with significant advantages over classical 
mechanics for performing different information process¬ 
ing tasks. Various versions of uncertainty relations have 
been used to detect entanglement um, to classify mixed¬ 
ness of states [S] , to categorize different physical theories 
according to their strength of nonlocality Pll], and to 
bound information leakage in key distribution [10H15j . 

Uncertainty relations are linked directly to the ability 
of quantum states to enable steering. The phenomenon 
of quantum steering [16] emerges from the EPR para¬ 
dox m that was first formulated for experimental real¬ 
ization |18j based on the Heisenberg uncertainty relation. 
Later, steering criteria m have been formulated using 
entropic uncertainty relations mil], which reveal steering 
in states possessing higher order correlations [5D] . Exper¬ 
imental demonstrations of steering have been performed 
beginning with the original demonstration of the EPR 
paradox [21], as well as using different settings [22] and 
loophole free arrangements [23]. Nonetheless, there exist 
states such as the NOON state which fail to display steer¬ 
ing using the existing steering criteria for higher values of 
N in spite of violating Bell-type inequalities [2l] . Such a 
feature calls for further improved steerability conditions 
since steering lies between entanglement and nonlocality 
in the hierarchy |25j of quantum correlations. 

The tightest steering inequality in discrete variable sys- 
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terns is obtained [14] through the application of the fine¬ 
grained uncertainty relation (FUR) [5]. Fine-graining 
makes it possible to distinguish the uncertainty inher¬ 
ent in obtaining any particular combination of outcomes 
for different measurements. Application of fine-graining 
leads to discrimination between various physical theories 
based on the strength of nonlocality 011]. It also pro¬ 
vides an optimal lower bound of entropic uncertainty in 
presence of quantum memory m- In the present work 
we derive a FUR for continuous variables. Using the 
derived FUR we formulate a continuous variable fine¬ 
grained steering criterion, and show that this criterion is 
monogamous, i.e., Alice’s steerability of Bob to a particu¬ 
lar state chosen randomly from the eigenstates of two in¬ 
compatible observables restricts the control of Bob’s sys¬ 
tem by any eavesdropper. The security of one-sided de¬ 
vice independent quantum key distribution (Is-DIQKD) 
m protocols rely on demonstration of steering. Here we 
show the possibility of obtaining of an improved lower 
bound on the key rate of a Is-DIQKD protocol using our 
stronger steering inequality for continuous variables. 


A comparison of the steering inequality derived here 
with the fine-grained steering inequality for discrete vari¬ 
ables [14] is facilitated by using the Wigner function for 
computing various probabilities associated with continu¬ 
ous variables. There exists an analogy between the mea¬ 
surement of spin-1/2 projectors and the parity operator, 
since the measurement outcomes for both are dichotomic. 
It is well known [33] that the Wigner function expressed 
as an expectation value of a product of displaced par¬ 
ity operators can be used to derive Bell-CHSH inequali¬ 
ties [2l] for continuous variables. Here we use the Wigner 
function formalism [26j to derive a steering inequality for 
continuous variables. We show that fine-graining leads to 
a novel manifestation of higher uncertainty in continuous 
variable systems, thereby enhancing, in principle, the key 
rate of a Is-DIQKD protocol. 
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II. FINE-GRAINED UNCERTAINTY 
RELATION FOR CONTINUOUS VARIABLES 


Let us begin with a brief description of EPR-steering 
by considering the following game |25j . Alice prepares 
two systems A and B in the state pab and sends the sys¬ 
tem B to Bob. Alice’s task is to convince Bob that the 
prepared state pab is entangled. Bob does not trust Al¬ 
ice, but he trusts that he receives a quantum system B. 
He is convinced only when the correlation between his 
outcome b for the measurement chosen randomly from 
the set S € {/3i, /32} and Alice’s outcome a for the mea¬ 
surement chosen randomly from the set A S {cui, 02} can 
not be explained by a local hidden state (LHS) model, 
i.e., 


P(a_4,5e) = (1) 

A 


where P{X} is a positive valued distribution over a set 
of hidden variables A, and Pq denotes probability of an 
outcome obtained from a quantum measurement. We 
assume here that Alice knows about Bob’s set of observ¬ 
ables. 

Now, from Eq. 0 it is easy to derive the relation 
PibslaA) < niax[PQ(&B|A)] = PQ(6B|Ainax) (2) 

using < max^Xj] ^ Vi) > 0- Next, 

using Y.i XiVr > min^Xi] yi V {xi, yj > 0, we get 

P{bB\aA) > mm[PQ(6B|A)] = PQ(5B|Aniin) • (3) 

Combining the relations ([^ and ([^, the sum of con¬ 
ditional probability distributions according to the LHS 
model is bounded by 

,/32 [PQ{bj3i |Amin) + ^Q^bp^ |Ainin)] 

< P{bpMa.i) + Pibp^W-,) < 

max^i,/32 [PQ{bp,\X max ) + PQ{bp^\X max )] ■ (4) 


We formulate the FUR for continuous variables in order 
to obtain the bounds of the algebraic inequality 0. 

The concept of fine-graining in uncertainty relations 
was first introduced by Oppenheim and Wehner [6] to 
explain the failure of quantum theory to exhibit the full 
non-local strength allowed by no-signaling theory. They 
bound an event (which is defined by the outcomes cho¬ 
sen using imposed restrictions or conditions) by its min¬ 
imum possible uncertainty, or maximum possible cer¬ 
tainty, for two incompatible observables. For qubit sys¬ 
tems a game is considered in which a binary question 
g S {0, 1} is given randomly to a player Bob who mea¬ 
sures 0-2 [uA) when g = 0 (1) is received. Here, the 
average uncertainty of getting spin up outcome (labeled 
by “b = 0”) irrespective of the given question (or indeed, 
the average certainty) where the average is taken over all 
possible choice of measurements, is bounded by 


1 

2 


1 

2 V 2 


< -,[Pib.. 


0) -I- Pib^^ _ 0)] < - -I- (®) 


where the equalities occur for maximally certain states. 
Here they are the eigenstates of the observables {az + 
and (ctz — ax)l'/2 for the upper and lower 
bounds, respectively. The bounds remain the same for 
the spin down outcome (5 = 1). Using the uncer¬ 
tainty relation ([^, the inequality Q is bounded by 
[I — ^,I -|- ■^]. Hence, in discrete variable systems, 

the shared state is steerable if the value of \[P{ba^ = 
0) -I- P[b„^ = 0)] lies outside the above range [H], where 
Alice has prior knowledge of Bob’s measurement settings. 

In continuous variable systems. Bell’s inequality is 
shown to be violated using the Wigner function formal¬ 
ism [26) . Fine-graining connects uncertainty with nonlo¬ 
cality, and hence for a given Bell-CHSH inequality one 
can formulate a FUR for a bipartite system [5]. Simi¬ 
lar considerations hold true for single particle quantum 
systems, thus making it possible to construct a FUR for 
single systems using the Wigner distribution represent¬ 
ing the average of displaced parity measurement. Let us 
here label the outcome of even parity measurement by 
“0”. The corresponding projection operator is given by 


n+(/3) = I?(/3) ^|2n)(2n| 


( 6 ) 


\n—0 


where T’(/3) (= exp{/3P — f3*b), is the displacement op¬ 
erator with coherent displacement /?, and b and P the 
annihilation and creation operators, respectively. Simi¬ 
larly, the projection operator corresponding to the odd 
parity measurement outcome labeled by “1” is given by 


n-(/?)=I?(/3) f]|2n + l)(2n+l| (7) 


\n—0 


The observable associated with the Wigner function is 
given by VV(/3) = n+(/3) — n“(/3) which can be realized 
using detectors with the capability of distinguishing the 
number of absorbed photons [IS]. We will take /?’s to be 
real displacements in the rest of this work. 

The average certainty of the parity measurement out¬ 
come b over displacements a and /? is given by ^[P{ba) + 
P{bp)]. As in the case of discrete variables, the average 
certainty here too is bounded by the minimum uncer¬ 
tainty states. In continuous variable systems it is well 
known that the coherent states 


I7) 



m—0 



( 8 ) 


correspond to the minimum uncertainty states in phase- 
space. Therefore, we obtain the fine-grained bounds on 
^[P{ba) -I- P{bp)] using the coherent states. 

For even parity measurement (6 = 0) at the displace- 
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merit chosen from {a,/?}, the average certainty becomes 


1 

2 




0) + P( 6 ^ = 0)] = 
i(exp[-|7-a|2] 


^_^ n+(a) + n+(/3) 

cosh [|7 — a\^] 


I 7 ) 


+ exp[-| 7 -/?p]cosh[| 7 -/ 3 | 2 ]), (9) 


where, similar to the displacements (3 and a, we choose 7 
also to be real. Note here that the condition a = /3 —)■ 7 
needs to be excluded in order to ensure that the average 
certainty of getting even parity for the zero photon state 
does not always stay close to 1 , (this is similar to getting, 
say, spin up outcome in discrete variables for spin mea¬ 
surements along directions i and j when i ^ j). For sim¬ 
plification we henceforth set a = —/?, and compute the 
probability distribution = 0) -I- P{b -/3 = 0)]. The 

validity of the FUR Q is ensured by avoiding the region 
where both /3 —>■ 0 and 7 —?► 0, as shown in the Fig. 0 
The probability distribution [P( 5/3 = 0) + P{b-p = 0)] is 
bounded by [|, |], where the maximum occurs for /3 = 7 . 
Similarly, the average certainty of odd parity measure¬ 
ments for the displacements (3 and —/3 is bounded by 




= 1)+P(6_^ = 1)] = (7| 


n-(/3) + n-(-/3) 


1 7 ) 


= -(exp[-( 7 -/?f]sinh[( 7 -/ 3 ) 2 ] 
+ exp [-(7 -t- Pf] sinh [(7 -F I3f]). 


( 10 ) 


Hence, one gets \ < |[T ’(&/3 = 1) + P{b-p = 1)] < |, 
except at 7 —>■ 0 & /I —)■ 0 for which the probability of 
getting odd counts for the zero photon state approaches 
zero (See Fig. 0 ). 

Combining the cases of odd and even parities, one finds 
that the FUR bounds the certainty for the measurement 
of two incompatible continuous variables observables by 


\<\[P{bp) + P{b.p)]<\. 


( 11 ) 


In the Fig. 0, we plot the infimum value of \[P{bi 3 ) + 
P{b-ii)\ with 7 . When ,5 —>■ 0 the FUR (11 1 remains valid 
for | 7 ^| > 1 , i.e., for a source with at least a single average 
photon number (we only need to avoid the situation when 
7 —>■ 0 & /3 —)■ 0 simultaneously). Note that the range 
of certainty in discrete variable systems given by Eq.([^ 
[14j is higher than that in continuous variable systems. 
This feature reflecting more uncertainty helps to improve 
the secret key rate, since higher uncertainty enables less 
information to the eavesdropper. 

Now, using the FUR the steering inequality Q 
becomes 


^ < \ [P{bp\aa 


i) + P{b-p\aa^)\ < 


( 12 ) 


The violation of the inequality (12) indicates that the 


measurement correlations are unable to be explained 
with the help of a LHS model, i.e., the given state is 
steerable. Next, we provide an application of our derived 
steering inequality for NOON states. 


lnf^(P(6^s0)+P(6.^=0)]/2 



FIG. 1: Plot of ^ inf^ [P(by 3 = 0) + P{h_^ = 0)] with 7 . The solid 
curve is for ^ max^[P(fo^ = 0)-\-P{b_p = 0)], and the dashed curve 
is for ^ min^[P( 6 ^ = 1 ) + P[b_^ = 1)]. The solid and dashed lines 
correspond, respectively, to the upper and lower bounds of certainty 
in regions of validity of the FUR O- 


III. STEERABILITY OF NOON STATES 


NOON states m are regarded to be of high utility 
in quantum metrology for making precise interferomet¬ 
ric measurements. Such a state is a maximally path- 
entangled two-mode number state of continuous vari¬ 
ables, given by [55] 


INOON) = ^(|V,0)-|0,V)), (13) 


where N is the number of photons either in the first or 
the second mode. These states have been experimentally 
realized up to V = 5 [55]. The entanglement of NOON 
states given in terms of their logarithmic negativity is 
independent of the value of V, and Bell’s inequality is 
maximally violated for all N [30|. However, they do not 
violate the entropic steering inequality for N > 2 [20] . 
We show now that such states are steerable for V > 2 
using our derived steering inequality. 


Considering the cases for N even and odd separately, 
we find that for the former the maximum violation 


of the inequality ( 12 ) on the upper side occurs when 
^[P^bpluai) + PibZ^aa^)] = 1 for the choices of the 
parameters given by {6 = 0 ,a = 0 }, {b = 0, a = 1 }. 
Similarly, the maximum violation on the lower side oc¬ 
curs when ^[P{bi3\aai) + Pib-i^laa^)] = 0 for the choices 
of the parameters give by {6 = 1 , a = 0 }, {b = l,a = 1 }. 
When N is odd, the maximum violations on the upper 
side are 1 for the choices {6 = 0 , a = 1}, {6 = 1, a = 0 }, 
and on the lower side are 0 for the choices {6 = 0 , a = 0 }, 
{b = 1,0 = 1}. In the Fig. ([^, we plot of the quantity 
^[P{bp = OIoq, = 1) + P{b-p = 0|a_Q = 1)] versus j3 and 
a for V = 2, 4, and 6 . One sees that the violation of the 
steering inequality occurs maximally for iV > 2 in the 
region \j3\ —>■ 0. The condition for validity of our FUR, 
viz., I 7 I > 1 when /? —>■ 0 , is ensured since the average 
photon number {N/2 here) is greater than 1. 
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FIG. 2: Coloronline. The variation of = 0|ac« = 1) + 

P{b_p = 0|a_£i = 1)] with respect to /3 and a for three different 
values of N. (i.) The red colored curve corresponds to the value 
N = 2\ (iii) the green colored curve is for N = and the blue 
colored curve is for TV = 6. 


IV. SECURITY OF KEY GENERATION 


Steering finds direct applicability in demonstration of 
security of quantum key distribution (QKD). The goal 
of any QKD protocol is to generate a key string be¬ 
tween two distant parties (say, Alice and Bob) such that 
it remains secret from an eavesdropper (say, Charlie). 
In the first QKD protocol (BB84) proposed by Bennett 
and Brassard m, security is based on the uncertainty 
of the outcome of incompatible spin measurements cho¬ 
sen randomly along x- and z-directions. The security of 
standard QKD protocols are based on certain idealistic 
assumptions |32j that may be minimized in the so-called 
device independent QKD (DIQKD) [33] where it is no 
longer required to fully trust the devices used by Alice 
and Bob. However, practical and loophole free imple¬ 
mentations of DIQKD protocols are difficult since they 
require demonstration of nonlocality. On the other hand, 
Is-DIQKD [T3] protocols which are intermediate between 
standard QKD and DIQKD protocols, rely on demon¬ 
stration of quantum steering for their security. Contin¬ 
uous variable Is-DIQKD protocols have attracted atten¬ 
tion in recent times since they are reasonably robust to 
losses and practically more feasible compared to their 
discrete variable counterparts [35] . 

Monogamy of non-local correlations certifies the secu¬ 
rity of QKD [31] . To develop a monogamy relation associ¬ 
ated with the upper bound of our steering inequality ( 121 , 


let us consider that three parties Alice, Bob and Charlie 
share a tripartite state pabc for which the inequality 


- (SsA + Sbc) < 2 


(14) 


is satisfied, where Tiba = P{bp^\aai) -I- P{hp^\aa 2 ) 
and Y^bc = P{bpi\c-yi) + Pii>/32\c^2)i ^^.d c is Char¬ 
lie’s outcome for the measurement chosen from the set 


{ 71 i 72 }- Tbe proof comes from contradiction. Let 
^ {Yba + Ybc) > §■ The above sum can be written 
as the sum of [P{bi 3 ^\aai) + Pibp^lc^^)] and [P( 6 ^Jc..yJ-I- 
P( 6/32 Ioq^)]- As the average of the above two terms is 
greater than 3/2, one of the terms, say, the first is greater 
than 3/2. Then, it is possible to find a conditional Bob’s 
state for which [P( 6 ^J -|- Pibis^)] > 3/2, which contra¬ 
dicts the FUR given by inequality 0 - Similarly, using 
the lower bound of our steering inequality ( 121 , one can 
obtain [Yba + S_bc] > f, which together with the rela¬ 
tion (14) gives 


2 < ~ 2 ' 


(15) 


The monogamy relation ( [14] ) is used to bound the 
secret key rate in a Is-DIQKD protocol. The lower 
bound of the secret key rate under individual attack 
is given by [35] r > I{B : A) — T[B : C), where 
T is the mutual information. Suppose that the upper 
bound of the steering inequality ( 12 ) is violated by an 
amount 5, i.e., \[P{bp-^\aa^) + P{bp^a 2 )\ = f+'^i where 
0 < i5 < j. Then, the monogamy relation (14) implies 


that ^[P(&/ 3 i|c 7 i) -I- P( 6 / 32 |c 72 )] < 0-75 — <5. Hence, the 
lower bound of the key rate becomes 


r > log2 


0.75-b (5 
0.75 - S 


(16) 


where the logarithm of base 2 is taken since the secret 
key rate is expressed in the units of bits per shared state. 
For the maximally entangled NOON state for which <5 = 
1/4, the steering inequality (12) is maximally violated, 
making the lower bound of the secret key rate unity. One 
may note here that in comparison the lower bound for 
discrete variables is 1/2 [Ti]. Hence, the use of continuous 
variable systems in QKD offers more security in principle. 


V. CONCLUSIONS 

To summarize, in the present work we first derive a 
fine-grained uncertainty relation (FUR) for continuous 
variable systems with the help of an operational inter¬ 
pretation of the Wigner function [2^. The FUR pro¬ 
vides a manifestation of higher uncertainty in continuous 
variable systems than in discrete variable systems, since 
in the former the certainty is confined to a lower range 
bounded by [1/4,3/4], compared to [1/2 —1/(2-\/2), 1/2-1- 
l/(2-\/2)] for the latter. The increment of uncertainty in 
continuous variable systems restricts the amount of infor¬ 
mation leakage to the eavesdropper, making them more 
secure in principle, than discrete variable systems. Our 
steering inequality is hence also stronger than that of 
discrete variable systems, as in the latter. Bob is con¬ 
vinced of the prepared state being entangled only when 
the average of the conditional probabilities is larger than 
1/2-1- l/(2-\/2) [14], whereas, in continuous variable sys¬ 
tems it is 3/4. Further, we show that our steering in¬ 
equality is capable of detecting maximal steerability by 
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NOON states for N > 2, thereby circumventing a draw¬ 
back of the entropic steering inequality which is not vio¬ 
lated by the NOON state for TV > 2 ^0] , 

With the help of a derived monogamy relation corre¬ 
sponding to our steering inequality, we bound the key 
rate in the Is-DIQKD protocol secured under individual 
attacks. The relation of the Wigner function with dis¬ 
placed parity operators |26j facilitates comparison of the 
key rates in continuous and discrete variables. The lower 
bound of the secret key rate is unity for the shared max¬ 
imally entangled state of continuous variables, which is 
double that for discrete variables m even when Alice 
knows Bob’s set of observables before preparation of the 
state. Knowing Bob’s set of observables does not help Al¬ 
ice to cheat here, whereas it is indeed helpful in discrete 


variable systems M- The quasi-probability distributions 
contained in our steering inequality may be reconstructed 
experimentally by homodyne detection techniques that 
are currently realizable with high efficiency m- Recent 
experiments |38j have indeed confirmed Bell violation in 
continuous variable systems using similar techniques. It 
should thus be feasible to experimentally verify our steer¬ 
ing inequality. Further analysis of more general security 
attacks, as well as consideration of decoherence effects 
would be needed to assess the practical viability of such 
key generation protocols. 
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